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Abstract 

We prove the partial regularity of the boundary suitable weak so- 
lutions to the MHD system near the plane part of the boundary. 

1 Introduction 

Assume f2 C R 3 is a C 2 - smooth bounded domain and Qt = Ox (0, T). 
In this paper we investigate the boundary regularity of solutions to the 
principal system of magnetohydrodynamics (the MHD equations): 

d t v + (v ■ V)v — Av + Vp = rot H x H 
div v = 

dtH + rot rot H = vot(v x H) 
dwH = 

Here unknowns are the velocity field v : Qt — > K 3 , pressure p : Qt — > 
M, and the magnetic field H : Qt — ► K 3 . We impose on v and H the 
initial and boundary conditions: 

v \dnx(o,T) = 0, H v \ 9 n x ( 0i T) = 0, (rotF) r | af7x ( 0jT ) = 0, (1.3) 
v\ t=0 = v , H\ t =o = H . (1.4) 
This work was supported by RFBR-08-01-00372. 
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Here by v we denote the outer normal to d£l and H v = H is, (rot H) T = 
rotH — v(rotH ■ v). We introduce the following definition: 

Definition: Assume V C dQ. The functions (v,H,p) are called a 
boundary suitable weak solution to the system (|1.2p near IY = 

r x (0,T) if 

1) v e L 2j00 (Q T ) n W 2 1,0 (Qt) n w}\ (Q T ), 

8'2 

2) pGlafQTjn^tQT), 

2 8 ' 2 

3) divt> = 0, div H = a.e. in Qt, 

4) v \qq = 0, = in the sense of traces, 

5) for any w E ^(fi) the functions 



4 i->- y v(x,t) ■ w(x) dx and i i-> y H(x,t) ■ w(x) dx 
n n 

are continuous, 

6) (f , -ff ) satisfy the following integral identities: for any f € [0, T] 

J v(x, t) ■ rj(x, t) dx — J vq(x) ■ r](x, 0) dx + 
Q n 

+ // (-v-d t rj+ (Vv - v ® v + H <& H) : Vn - (p + ^\H\ 2 ) div7?) dxcfc = 0, 
for all rjeWs' 1 (Q t ) such that r)\ dUx m t ) = 0, 

2 

/ H(x,t) ■ ip{x,t) dx - J H (x) ■ ip(x,0) dx + 
+ / / ( — H ■ d t ip +iotH ■ rot ip — (v X H) ■ rot V>) cfedt = 0, 



o n 



for all ipeWs'(Q t ) such that ipu\dClx(p,t) = °- 



2 

?2 



7) For every zq = (^o ; to) € IV such that $7#(xq) x (to - R , to) C Qt 



and for any £ € Cq°(Br(xo) x (i — -R 2 , to]) sucn that 



= 

an 
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(1.5) 



the following "local energy inequality near IV' holds: 
sup / c(M 2 + \ H \ 2 ) dx + 

+ 2 / / C(|V«| 2 + |rot#f) dxdt < 

t a -R 2 n R (x ) 

< J J ( \v\ 2 + \H\ 2 )(d t ( + A() dxdt + 

+ / / (\v\ 2 + 2p)v • VC dxdt + 

t () -R 2 n R (x ) v 

to 

- 2 / / (H ® H) : V 2 C dxdt + 

to 

+ 2 / / (v x i?)(VC x ff) dxdt 

t -i? 2 n H (rr ) 

We remark also that the following identity holds 

to 

/ / (v x F)(VC x H) dxdt = 

= J J (v ■ VC)\H\ 2 dxdt - J J (v-H)(H ■ VC) dxdt 

t () -R 2 Q R (x ) t ~R 2 n R (x ) 

Here L s j(Qt) is the anisotropic Lebesgue space equipped with the 
norm 

ll/lk«<«T) : = {£{J a M x >W 

and we use the following notation for the functional spaces: 

w, 1 ;, (Q T ) = ^i(0, r ; W^fi)) = { u G L s ,z(Qt) : V. € L 8) j(Qt) }, 
W^CQt) = { « G <f (Qt) : V 2 u, d t u G L a ,,(Q T ) }, 
Wj(fi) = W}(Sl) : u| 9n = }, 

and the following notation for the norms: 

^w^°(Q T ) = IMk,KQT) + \\^ u \\L Stl (Q T ), 
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Theorem 1.1 For any sufficiently smooth divergent- free vq, Hq sat- 
isfying il.3\) there exists at least one boundary suitable weak solution 
near d£l x (0, T) which satisfies the initial conditions : 

\\v(;t)-vo(-)\\ L2(Q) ^0, \\H{;t)-H {-)\\ L2{ n)^0 as t +0, 

and additionally satisfies the global energy inequality 

\\ V \\l 2 ,oo{Qt) + \\ H \\l 2 ,oc(Qt) + \\^ V \\l 2 (Qt) + H r0t #llL2(QT) - 

< lko||z, 2 (n) + ll-Ho||L 2 (n) 

The global existence of weak solutions to the MHD equations (jl.ip 
- (|l,3p was established originally in [B] . We sketch the proof of The- 
orem [TTT] in the Section 3. 



2 Main Results 

Denote B(xo,r) the open ball in M 3 of radius r centered at xq and 
denote by B + (xQ,r) the half-ball {x 6 B(xQ,r) | £3 > 0}. For 
z = (x ,t ) denote Q(z ,r) = B(x ,r) x (t -r 2 ,t Q ), Q + (z ,r) = 
B + (xQ,r) x (to — r 2 ,to). In this paper we shall use the abbreviations: 
B(r) = B(0,r), B + (r) = B+(0,r) etc, B = B(l), B+ = B+(l) etc. 

The main results of the present paper are the following theorems: 

Theorem 2.1 There exists an absolute constant > with the fol- 
lowing property. Assume (v,H,p) is a boundary suitable weak solution 
in Qt and assume zq = (xo, to) € <9S1 x (0, T) is such that xq belongs to 
the plane part of dVt. If there exists ro > such that Q + (zo,ro) C Qt 
and 




v\ 3 + \Hf + |p|a \dxdt < £*, 



Q + (zo,ro) 

then the functions v and H are Holder continuous on the closure of 
Q + (zo, r -i)- 

Theorem 2.2 For any K > there exists Eq(K) > with the follow- 
ing property. Assume (v,H,p) is a boundary suitable weak solution in 
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Qt and assume zq = (xQ,to) £ d£l x (0,T) is such that xq belongs to 
the plane part of d£l. If 

limsupf- f \\7H\ 2 dxdtY /2 < K (2.6) 
r-K) v r J J 
Q{zo,r) 

and 

limsupf - / \Vv\ 2 dxdt ) < s , (2.7) 
r^o v r J / 

Q(«Oir) 

i/ien i/iere exists p* > suc/t £/ta£ £/ie functions v and H are Holder 
continuous on the closure of Q + (zq, p*). 

Theorem 2.3 Assume (v,H,p) is a boundary suitable weak solution 
in Qt and denote by T the plane part of d£l. Then there exists a closed 
set E C r such that for any zq £ (r \ E) x (0, T] the functions (v, H) 
are Holder continuous in some neighborhood of zq, and 

V 1 ^) = 0, 

where V (E) is the one- dimensional parabolic Hausdorff measure o/E. 

Our Theorem 12.31 presents for the MHD equations a result which is 
a boundary analogue of the famous Caffarelli-Kohn-Nirenberg (CKN) 
theorem for the Navier-Stokes system, see [2], see also [7]. The bound- 
ary regularity of solutions to the Navier-Stokes equations was originally 
investigated by G. Seregin in [8] and [9] in the case of a plane part of 
the boundary and by G. Seregin, T. Shilkin, and V. Solonnikov in 
in the case of a curved boundary. The internal partial regularity 
of solutions to the MHD system was originally proved by C. He and 
Z. Xin in [3], see also |15j . |16j . Note that thought using the methods 
of our paper one can prove various e-regularity conditions involving 
various scale-invariant functionals (such as in [1]), in the present paper 
we concentrate on the condition (|2.6p . (|2,7p as this condition provides 
the optimal estimate of the Hausdorff measure of the singular set E in 
Theorem [231 

Our paper is organized as follows: in Section 3 we outline the proof 
of Theorem 11.11 In Section 4 we prove that the weak solutions of the 
linearized MHD equations are Holder continuous up to the boundary. 
Section 5 contains the proof of the Decay Lemma and the sketch of 
the proof of Theorem 12.11 Section 6 is concerned with the estimate of 
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some Morrey functional for weak solutions to the heat equation near 
the boundary. These estimates together with the estimates of the scale 
invariant energy functionals obtained in Section 7 turn to be crucial 
for the key estimate f)8.3j) in the Section 8. Finally, in Section 8 we 
present the proofs of Theorems 12.21 and 12.31 

3 Local Energy Inequality and 
Existence of Boundary Suitable 
Weak Solutions 



Denote by to the usual smooth Sobolev kernel and us(x) = 5~' i Lo(5x). 
Denote by uj$ * H the convolution of H with cog- Assume Vq and Hq 
are sooth divergent-free functions satisfying the boundary conditions 
(|l,3j) and additionally satisfying the properties 



Vq ->■ vq, Hq -)• Hq in L 2 (Cl) as S — > 0. 
Consider the problem 



dtv + ((u>s * v) ■ V)v — Av + Vp = rotHx (cos * H) 
div v = 



d t H + rot rot H = rot(v x (u>s * H)) 
div H = 



j in Qt, 
(3.1) 

in Q T , (3.2) 



v \onx(o,T) — 0, -£^tanx(o,T) — 0, (roti?) r | 9r2 x(o,T) — 0, 

4=0 = v 5 , H\ t= Q = H S q. 

Using Galerkin approximations and energy estimates it is not difficult 
to prove existence of the unique smooth solution (v s , H s ,p s ) to this 
problem. Moreover, these functions satisfy the global energy inequality 

II v<5 |Il2,oo(Qt) + \\ HS \\l %00 {Qt) + W vS \\w^°(Q T ) + H^IIwJ'^Ot) - 



- c { Fo|U 2 (Q) + ll-ffollis^) 

From this estimate using the interpolation inequality we obtain the 
estimate 

\\((u6*v 6 )-V)v s \\ La 3{QT) + \\rotH s x (io s *H 8 )\\ L<J s(Qt) < c. 

F'2 H'2 



6 



Applying the coercive estimates for the linear Stokes problem (see, for 
example, |14j). we obtain 

\\ vS Wwl'\(Q T ) + W v P S h % 3(Qt) ^ c - 

So, the only thing we need is to verify the local energy inequality (|1.5p . 
Then the result of Theorem ll.il follows if we pass to the limit as 5 — > 0. 

To simplify notations below we omit the index 5 and denote by 
(v,H,p) the smooth functions (v s , H s ,p s ). Take zq = (x$,to) ^ <^ x 
(0, T) and choose R so that £Ir(xq) x (to — R 2 ,t ) C Qt- Without 
loss of generality we can put xq = 0, to = 0. Assume £ E Cq°(Br x 
(— R 2 ,0]) satisfies = and multiply the equation (I3.1j) by the 

test-function rj = £v. Integrating the result over Q, integrating by 
parts and taking into account the relation 

J (uj$ * Vi)vj } i(vj dx = — \ J \v\ 2 (oos * v) ■ V£ dx. 
we obtain 

km I CM 2 + f(\Vv\ 2 dx = i/|^| 2 (^c + AC) dx + 

n n n 

+ fpv-S/(dx + ±f \v\ 2 (uj 8 * v) ■ VC dx + ( 33 \ 
n n 

+ / (rot x (o; 5 * H)) ■ (v dx = 0. 
n 

Now multiply the equation for the magnetic field by C^H. Integrating 
by parts and taking into account the boundary conditions (|1 .3|) after 
routine calculations we arrive at 

|| / (\H\ 2 dx + f(\rotH\ 2 dx = 
n n 
= \ J \H\ 2 (d t C + AC) dx - f H ® H : V 2 ( dx + 
n q 

+ / rot(u x (u s * H)) ■ (H dx. 
n 

Integrating by parts, we obtain 

J rot(v x (u$ * H)) ■ (H dx = J ((v x (cj s * H)) • rot H dx + 
n n 

+ / (v x (lo s *H)) ■ (VC x H) dx 
n 



Note that 



f C(v x (w5 * i?)) ■ rot H dx = J C(( w 5 * H) x rot H) ■ v dx 
n Q 
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Hence we obtain 

\j- t f (\H\ 2 dx + J(\rotH\ 2 dx = ±f\H\ 2 (d t ( + A()dx- 
n a n 

-J H®H: V 2 C dx + / ((cjj * H) x rot F) • Qv dx + 
n n 

+ f (v x (u s * F)) • (VC x H) dx. 
n 

(3.4) 

Adding identities (|3 . 3[) and (|3.4p together, using the conciliation 

/ (rot H x (ojg* H)) ■ (H dx + / ((w 5 * H) x rot H) ■ (v dx = 
n n 

and passing to the limit as 5 — > we arrive at (jl.5p . Theorem 11.11 is 
proved. 

In conclusion of this section we introduce the following version of 
the local energy inequality near the plane part of the boundary. 

Theorem 3.1 Assume (v,H,p) is a boundary suitable weak solution 
satisfied the MHD equations in a domain containing the set Q + = 
B + x (—1,0) such that the plane part of Q + belongs to the boundary 
dVt x (—1,0). Obviously then we have 

■y|rE3=0 = 0, Hz\ x . i= Q = 0, H\^\ X3= q = H2^\x 3 =G = 

Let C, € Cq°(B x ( — 1,0]) be a cut-off function such that C,3|x 3 =0 
0. Assume b G M 3 is an arbitrary constant vector of the form b = 
(61,62,0). Then the following inequality holds 



dz < 



sup / c(M 2 + |-Hf) dx + 2 / C(|V«| 2 + |rot#| 2 ) 

< f (\v\ 2 + \H\ 2 )(d t ( + A() dz + J (\v\ 2 + 2p)v VC dz + 
Q+ V _ Q+ V ' 

- 2 / (H ® H) : V 2 C dz + 2 J (v x H)(X7( x H) dz 
Q+ Q+ 

(3.5) 

where H = H — 6. 



Proof: The relation (|3.5p is a combination of (|1.5p with he relation 
obtained from l\1.2\) multiplied by the test function rp = (b where 
6 = (61,62,0) is a constant vector. The proof is routine and we omit 
it. 
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4 Linear Estimate 



Theorem 4.1 For any M > there exists c(M) > such that for any 
a € R 3 suc/i £/iai a = (ai,a2,0) T and |a| < M ; and for any (u,h,q) 
satisfying the linear system 



dtu — An + Vg = rot h x a 
div u = 

<9f/i — Ah = rot(n x a) 
div /i = 

u \x 3 =0 = 0, 

Mz 3 =o = 0, t^ 3=0 = 0, a = 1,2, 
£/ie following estimate holds: 

< c(M) ( ||u||i3 ( Q+) + \\h- b\\ Ls(Q+) + ||g - c\\ L (Q+) 



(4.1) 

(4.2) 
(4.3) 



(4.4) 



Here b G R 3 is an arbitrary vector of the form b = (&i,&2)0) T , ana" 
c £ R w an arbitrary constant. 

Proof: 

1. Similar to Theorem 13.11 we obtain 

IHIl 2i00 (Q+(A)) + IHl£ 3i00 (Q+(&)) + 

+ \\Vu\\ L2{q+{ ^ q)) + HV/ill^^^)) < (4.5) 
< c(M) (||ii||x a (Q+) + \\h - 6||ia(Q+) + |Mk(Q+) y 

Here q = q — c. Note that the right-hand side of the last inequality 
can be estimated by the right-hand side of (|4.4|) via Holder inequality. 



2. For the function u satisfying the system (|4.2|) we have the following 

_9_ 
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estimate with arbitrary s, I G (1, +oo) and < p < r < A (see |10j): 



IM'w^W+M) - c (ll rot/l H^,i(Q + M) + IMk(Q+) + H9lUa/aW + )) 

(4.6) 

Here C depends on M, r, p, s, and L 
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3. Denote by h* the following extension of the function h from Q 
onto Q: we take h*(x,t) = h(x,t) for X3 > and take 



h* a (x 1 ,x 2 ,x 3 ,t) = h a (x 1 ,x 2 ,-x 3 ,t) 

for X3 < U. 

h 3 (x 1 ,X2,x 3 ,t) = -h 3 {Xi,X2,-X 3 ,t) 

Denote g = rot(u x H) and let g* be the following extension on g from 
Q + onto Q: the components g*, a = 1, 2 are the even extensions of g^, 
and the component 53 is the odd extension of g 3 . Then the functions 
h*, g* satisfy the equation 

d t h* - Ah* = g* in Q. (4.7) 



4. For the function h* satisfying the heat equation (|4,7p the estimate 
similar to f|4. 6() holds. 

II^Hw^WCp)) - C (\\9*h s AQ(r)) + \\ h * ~ b \\L 3 (Q)) 

Here s, I € (1, +00) and < p < r < are arbitrary and C depends 
on M, r, p, s, and I. This estimate provides the inequality 

\\ h Ww^(Q+( P )) ^ c (ll Vu lk,«(<3 + M) + W h ~ b h 3 (Q+)) (4.8) 



5. First we apply (|4.8j) with s = I = 2 and p = |, r = Taking into 
account the energy estimate (I4.5|) we obtain the estimate of the norm 
H^'IIvk 2 ' 1 (Q+(|)) ^ e r ight-hand side of (|4.4p . Then using the imbed- 
ding theorem W 2 2,1 (Q+(|)) W^S°(Q + (I)) 

we obtain the estimate of 
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the norm V/i r , n+/ 4«. 

IT 

6. Now applying (I4.6P with s = tP, Z = | and p = ^, r = ^ we obtain 
the estimate 

II^IwI&Vq+Q) - c (" rot/l ^io 3 (Q+(f)) +II u IIl3(q+)+II^IIl3/ 2 (q + )) 

-3-, 2 "3"'2 

By Holder inequality we estimate ||rot/t|| iiQ 3 (q+(4^ by the norm 

"3" ' 1 5 

II^^IIlio (Q + (-)) w hich was already estimated on the previous step. 
On the other hand, by the imbedding theorem we obtain 



|Vii 



liaC-CX) 2 ^^^))) < C W u \\w^(QH^)) ( 4 - 9 ) 
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7. The estimate (|4,9p implies in particular that Vu € Lg 3(Q + (jq))- 
Applying (|4.8p with s = 2, I = § we obtain the estimate 

INI W M( Q +(§)) < C (ll Vu llL 9 3(Q+(^)) + ll /l - 6 lli3(Q+)) 



8. Finally, we apply (|4.6p with s = 9, Z = | and obtain 

ll^llw 2 i(Q+(i)) ^ C {\\ 10th h 9 s(Q+(l)) + \H\l 3 (Q+) + \\q\\L 3/2 (Q+) 

9, ^ '2 

9. Gathering all the estimates together we arrive at the estimate 

IMIwJ|(Q+(§)) + IWIwJJ (<?+(§)) - 
< C(M)(\\u\\ La{Q+) + \\h - b\\ L3(Q+) + \\q - c|U 8/aW+) ) 

The statement of the theorem follows now from the imbedding (Qt) ^ 

C a '%(Q T ) asa = 2- f- f>0, where s = 9, I = § , and a = \. The- 
orem 2J] is proved. 

Corollary 4.1 Lei us introduce the functional 

:= (/ |«|. «.)"• + 



Q+(r) 

v 1/3 



+ ( / \ H - b r(H)\ 3 dxdty 



(4.10) 



w/iere 6 T (F) := ((#i)q+( t ), (i? 2 )Q+( T ), 0). Then for any M > 
i/iere is a constant C[(M) > suc/j i/iat /or any solution (u,h,q) of 
the linear system j^. i[ ), fa4-ty ? \4-^9 > ^ e following estimate holds: 

Y T (u,h,q) <C,(M) r 1 / 3 
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5 The Decay Estimate and 
the Proof of Theorem 12.1 



In this section we consider the MHD system 

r 1 

in Q+ (5.1) 



dfV + (v ■ V)v — Av + Vp = rot H x H 
div v = 



d t H - AH = rot(u x H) 
div = 

v|x 3 =o = 0, 

f7 I n gjJi I 8H2 I n 

-"31x3=0-0, 9x 3 1x3=0 ~~ 9x 3 1x3=0 ~~ U 



in Q+ (5.2) 



(5.3) 



We denote by Y T (v, H,p) the functional introduced in (|4. lOj) . We also 
denote by Y T (v), Y T (H), and Y T (p) the functionals 



Y T (v) ■= (j \v? dxd 

Q+(r) 

Y T (H) : = ( y \H - b T (H)\ 3 dxdt 

Q+(r) 

Y T (p) := r ( J \p-[p] B+{ r)? /2 dxdt) 



Q+(r) 

Theorem 5.1 There exists an absolute constant Eq > such that for 
any M > there exists C* = C*(M) wi/i the following properties. 
For any boundary suitable weak solution (v,H,p) of the MHD system 
\5. ( 15. gj) . / I5. f/ie following implication holds: if 



Yl(v,H,p) < e 

and 

|0ffi) Q+ | + |(iT 2 ) Q+ | < M 

< Cr^Y^v^H^p) (5.4) 
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Proof: 

1. Arguing by contradiction we assume there exists a sequence of 
numbers e m —¥ 0, and a sequence of boundary suitable weak solutions 
(v m ,H m ,p m ) such that 

Yx(v m : H m ,p m ) = e m -)« 

and 

Y T (v m ,H m , P m ) > cy'h m 

2. Let us introduce functions 

u m (x,t) = — v m (x,t), 

q m (x,t) = — (p m (x,t)-[p m } B+ (t)), 

h m (x,t) = — (H m (x,t)-a m ), 
a m = h(H m ) 

Then 

yi(n m ,/i m ,(z m ) = 1, Y T (u m ,h m ,q m )>C^r 1 / 3 (5.5) 

and (u m ,h m ,q m ) satisfy the following equations in T>'(Q + ) 

d t u m + e m {u m ■ V)u m - Au m + Vq m = rot h m x (e m h m + a m ) 

divu" 1 = 

d t h m - Ah m = rot (u m x (e m h m + a m )) 
div h m = 

u m \ X3=0 = 0, 1 

3 1^3=0 > Q x ^ 1x3=0 9x3 1x3=0 J 



(5.6) 
(5.7) 

(5.8) 



3. The conditions (|5.5p imply in particular the boundedness 

sup (\\u m \\ L . i[Q+) + \\h m \\ L3{Q+) + \\q rn \\ L3 {Q+)) < +oo (5.9) 
From the local energy inequality near the boundary (|3.5p we obtain 

||„,m II I || l,m || _i_ 

W u Wl 2 MQ + ^)) + ll£a,«»(0+(^)) + 

i IL, m II ill U m II ^ z^ 1 V " / 
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From the equations (|5.6|) . (|5.7|) . (|5,8|) we also obtain the estimate 

3 § 3 3 

4. Hence we can extract subsequences 

u m ^ u in L 3 (Q + ), 

h m ^ h in L 3 (Q + ), (5.11) 
q m ^ q in La(Q+), 



(5.12) 



u m - « in ^°(Q+(^)), 
/> m - ft in W 2 1 '°(Q+(^)), 

u m -»• « in L 3 (Q+(^)), 

fc™ -»• /t in L 3 (Q+Q), (5.13) 

a m -> a in M 3 . 

5. Passing to the limit in the equations (I5.6p . (15. 7p . ( ]5.8j> we obtain 

3tu — + Vq = rot /i x a in Q + , 

div-u = in Q + , (5.14) 
wU=o = 0, 

dth — Ah = rot(u x a) in Q + , 

div/i = in Q+, (5.15) 

I dh2 I 

9x 3 lx 3 =0 — dx :i 1x3=0 



/, I ri dfci I dh2 I n 

"■31x3=0 — ^1, o _ — ~ „ — u. 



6. From (|5.13p we conclude 

lim Y T (u m ) = Y T (u), lim Y T (h m ) = Y T {h) 

m— >+oo m— ¥+00 

and hence 

limsupY T (u m ,h m ,q m ) < Y T (u) +Y T (h) + lim sup Y T (q m ). (5.16) 

m— )-oo m— >oo 

As (u,h,q) is a solution to the linear problem (I5.14p — (I5.15p . from 
Theorem 14. II we obtain 

Y T (u)+Y T (h) < C(M) r 1 / 3 Yi(u,h,q) (5.17) 
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7. Now we are going to estimate limsup Y T (q m ). For this purpose we 

m— >oo 

decompose (u m ,g m ) and (u,q) as 

u m = u? + u?, q m = q? + q?, 

u = ui + u 2 , q = qi + q2, 

where (uf ,gf ) G Wj , j(n + )x^i , j(n + ) are determined as a solutions 

8'2 8'2 

of the following initial boundary- value problems in II + = M + x (— 1, 0): 

dtu^ - Au™ + Vq™ = f m in 11+ , 
divu^ = in n + , 
uj»| t= _ 1 = 0, u5 n U 3 =o = 0, 

where / m is defined by the expression rot /i m x (e m h m + a m ) — e m u m ■ 
Vit m on the set Q + {jq) and extended by zero onto the whole II + . 
Similarly, (ui,q\) are determined by the relations 

d t Ui - Aui + X7qi = f in II + , 

divui = in 11+ , (5.18) 
ui\ t =-i = 0, ui\ x , i=0 = 0, 

where / determined by the expression rot h x a on the set Q + { yjj) and 
extended by zero onto the whole 

8. As functions u™ — Ui, q™ — q\ are the solution of the first initial 
boundary-value problem in II + with the right-hand side f m — f and 
zero initial and boundary conditions, we obtain the estimate (see, for 
example, [14J, Proposition 2.1) 



W u ?Wwl'\(n+) + W^QiWl, a(n+) < C\\f m \\ Lg s 

(5.19) 

Note that 



||/ m |L 9 3(Q + (^)) < C(M) 

^ (5.20) 
/IIl 9 s °. as 



5.5-- - 10 ' 



So, taking into account the imbedding W 9 ' 3 (<3 + (yjj)) L3(Q + (Jj)) 

8'2 ' 2 

we can conclude that 



qf^ qi in L»(Q+(^)) 
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and hence for any r 6 (0, jjj) 

lim y T (gf) = r T ( gi ). 

m— >oo 

On the other hand, (ui,q\) is a solution of the linear Stokes problem 
in Q + . Hence from Corollary 14,11 we conclude 

Y T ( qi ) < C(M) r 1 / 3 Y±(q x ) 

10 

9. We need to estimate Yg_ (qi). From imbedding theorem L 3 (B + (^)) 
Wj{B + ( £ ) ) we conclude 

8 

< C WVq^ ^^ 

For the solution (u\,q\) of the initial-boundary value problem (|5.18p 
we have the estimate 

ll n l||^ 1 3 (Q+(^)) + ll V 9llli t 3(Q+(^)) ^ C ( M ) W Vh h 9 _ 

Using Holder inequality ||V/t|| Lg g (q+(A)) < C || V/i|| L2(Q+( ^_ )) and 

taking into account the weak convergence (|5.12p from which we con- 
clude 



ni 1 



||V/i|| r (n+(9\\ < liminf ||V/i' , ,y,i,"n- 
and using (|5,10p we obtain 

Y±(qi) < C(M). 

10 

10. Now we consider functions {u™,q™) determined by relations 

u™ := u m - u^ 1 , q% := q m - qf. (5.21) 
These functions satisfy the homogeneous Stokes problems in Q + (yg): 
d t v%-Auf + Vqf = Q in Q+(&), 



divu!p = in Q+(^ 



10/' 



"2 1^3=0 



d t u 2 - An 2 + Vq 2 = in Q+(^), 
= in ^ 

■W2|a;3=0 = 0. 



divu 2 = in Q + (4), 



10' 

10'' 
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Then 

W U 2 Hw 2 -J(Q+(|)) + ll V «2 HL 9 3(Q+(f)) - ° U' 2 ^3(Q+(^)) + 1^2 Hi3(Q+(A)) 

Note that due to ([OT]) . (f5T9|) and the first inequalities in ([5~19l) . (fO0|) 

we have the estimate 



\\ u ™h 3 {Q+(±)) + H^IIl3(Q+(^)) 

i lln.ml 

- 10 ^ 



< 



<^ IU, m ll _L ll« m ll _L IL, m ll _L ll^, m ll <^ 

- W u llx s (0+(A)) + 119 lli 2 (Q+(^)) + H n i Hi 3 (Q+(4)) + Il9i Hi a (Q+(4)) - 



2 



< C(M) 



On the other hand, from the Holder inequality we obtain for any r € 

5' 



(o,f) 



W) = r( |g 2 m -[?r] B+(r) |t^) 5 <Cr 2 [j \Vq?\Uxdt 

Q+(r) Q+(t) 

< CtI IIV^I^ Q 3 (Q+a h) < C(M)ri 

11. Summarizing all previous estimates we arrive at 

limsupy r (g m ) < lim Y T (q?) + Um sup Y T (ql?) < C(M) A 

Taking into account (|5.16|) and (|5.17p . we finally obtain 
limsu P y r (u m , h m ,q m ) < C(M)rl 

m— >oo 

This estimate contradicts fj5.5f> whenever C* > C(M). Theorem l5,ll is 
proved. 

Theorem 12.21 follows from Theorem 15.11 in the standard way by iter- 
ations of the estimate (|5.4p . scaling arguments, and combination of 
boundary estimates with the internal estimates obtained in |15| . See 
details in [8], [5], [IT], [32]. 
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6 Estimates of Solutions 
to the Heat Equation 



In this section we study solutions of the heat equations with the lower 
order terms: 

d t H - AH = div(t> <g> H - H <g> v) in Q+. 
v\ X3 =o = 0, 

H3 |a;3=o = 0, H a ^\x3=o = 0, a = 1, 2. 

Namely, we assume the functions (v,H) possess the following proper- 
ties: 

v, ffeWj°(Q+), (gi) 
u| a . 3=0 = 0, H3\x 3= o = in the sense of traces, 



for any 77 £ Cg°(Q;K ) such that ry3| X3= o = the following integral 
identity holds 



- H ■ d t r] + V-ff : Vr/J dxdt = - J G : Vr? tfccdt, ^ ^ 
Q+ Q+ 
where G = v H — H v, and 

div?; = 0, divF = a.e. in Q + . (6.3) 

We start with the auxiliary results: 

Theorem 6.1 Assume conditions (i6. hold. Denote by v* and 
H* the extensions of the functions v and H from Q + onto Q obtained 
in the following way: the components i>*, il*, a = 1,2 are the even 
extensions of the components v a , H a , a = 1,2, and the components 
H% are the odd extensions of v%, H3. Define also the function 

G* = v* <g> H* - H* ®v*. 

Then the following relation holds: 

8 t H*-AH* = divG* in V(Q). (6.4) 
Moreover, if \6.3\) is satisfied, then 

divu*=0, diviT* = 0, in V'(Q). 
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Proof of Theorem I6.lt The result is a direct consequence of the 
boundary conditions v\ X3= q = and H3\ X3= q = 0. Theorem 16.11 is 
proved. 

Now we introduce the following functionals 

1 f .„ l2 , , \V2 



E(r) = ( i J \Vv\ 2 dxdt ) 
Q+(r) 

F*(r) = (~ J \^ H \ 2 dxdt 



-(r) 

/If \l/9 

F,(r) = (— q J \H\ q dxdt' 



(6.5) 



Theorem 6.2 ylssume conditions \6.1\) — \6. 3\) hold. Then for any 
r G (0, 5) following estimate holds 

\\H\\ LlMQ+(r)) < cr 2 (l + F(2r))(F 2 (2r) + F*(2r)+r) (6.6) 



Proof of Theorem 16. 2t Cosider the function 



(1 + 1^*12)1/2' 



where £ £ Cq 3 {Q{2r)) is a standard cut-off function. The following 
relations are true: 

/V7 ZJ* . IJ* (Os \7 /~ 
: dxdt + 
(1 + |iF| 2 )2 
Q(2r) Q(2r) 

/" V |WF| 2 |V|#*| 2 | 2 \ , , 
+ / C — — r — dxdt , 

Q(2r) XV 11/ v 11// 

and 

M _l_ I f7* I 2n i I V7 W* I 2 _ _ 



1 + \H*\ 2 )\VH*\ 2 - \\V\H*\ 2 \ 2 > |ViF| 2 . 



Hence we obtain the estimate 

r*|2 



f VH* :Vr? dxdt > f ( — ! g dxdt - ! \VH*\\V(\ dxdt. 

Q(2r) Q(2r) Q(2r) 
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Testing the equation (|6,4p by the function rj we obtain 



/i f \X7H*\ 
C(l + \H*\ 2 )2 dx + / C — — T dxdt < 
J (1+ |i?*| 2 )2 

B(2r) Q(2r) V 1 1 V 

< c | |StC|(l + |#*| 2 )^ dxd* + y [VF*||VC| dxdt + 

Q(2r) Q(2r) 

+ y div G* • 7] dxdt. 

Q(2r) 

Note that 

div G* = (H* ■ VK - {v* ■ V)H* a.e. in Q. 
Integrating by parts we obtain 

y 0* • W)H* ■ 7] dxdt = y (v* • V(l + \H*\ 2 ) 1/2 dxdt = 

Q(2r) Q(2r) 



y u* -VC(1 + \H*\ 2 ) 1/2 dxdt 



Q(2r) 

Hence 



y dwG*-r]dxdt < c \\X7v\\ L2{Q+{2r)) \\H\\ L2{Q+(2r)) + 
Q(2r) 

c c 

+ " IMU 2 (Q+(2r))ll#II.L 2 (Q + (2r)) + " IMIil (Q+(2r)) 

Taking into account the Poincare inequality for v and the Holder in- 
equality, we obtain the estimate 



\ H \\L ll00 {Q+(r)) < C ^2 + ||Vu|| L2 (Q+(2r))J||fl'||L 2 (Q+(2r)) + 

+ cA\\VH\\ L2{Q+{2r)) + c(r 3 + rf||Vu||i a( g+ (ar )) 



which implies (I6.6p . Theorem 16.21 is proved. 
The main result of this section is following: 
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Theorem 6.3 Assume conditions \6. 1\) — ( 1 6. ,'J\) hold. Then there ex- 
ist absolute positive constants E\, a and c such that for any e 6 (0, £i) 
and any K > if 

sup E(r) < e and sup E*(r) < K (6.7) 
re(o,l) re(0,l) 

then for any < r < p < 1 

F 2 (r) < c(-) F 2 (p) + «■(# + !). (6.8) 



Proof of Theorem 16. 3t 

1. Denote by v* and H* the extensions of functions v and H from 
Q + onto Q described in Theorem 16.11 Fix arbitrary r E (0, 1) and 
let C ^ C°°(Q) be a cut off function such that ( = 1 on Q( r ) and 
suppC C B x (-1,0]. Denote II = M 3 x (-1,0) and denote by G the 
function which coincides with G* on Q(§) and additionally possesses 
the following properties: G € W^'^II) n Lis 6(11), G is compactly 
supported in II, and 

\\G\\ Lls 6 (n) < c||G*|| Llg 6 (Q(|)) < c||G|| ilg 6 (Q+(p (6.9) 

TPS TT'5 ^ 

2. We decompose H* as 

iT =H +H, 

where H is a solution of the Cauchy problem for the heat equation 

dtH-AH = divG in n, 
■ff |t=-i = 0, 

defined by the formula H = T * divG = — Vr * G, where T is the 
fundamental solution of the heat operator. The function H satisfies 
the homogeneous heat equation 

d t H-AH = in Q(§). (6.11) 

3. Take arbitrary 9 € (0, ^). We estimate ||£ 2 (Q+(0 r )-) in the follow- 
ing way 

\\ H \\L 2 (Q+(8r)) < \\H*\\L 2 (Q(6r)) < \\ H \\L 2 (Q(0r)) + \\H \\L 2 {Q(6r)) , 

(6.12) 
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For \\ H \\L 2 (Q(9r)) we have 



\H\\ L2iQ{0r)) < c ||-H"|U 2 (Q(5))- 



(6.13) 



As H satisfies f|6. by local estimate of the maximum of H via its 
L2-norm we obtain 



\H\\ L2 {Q{6r)) < C02 WHWl^q^ < 



< c6»2 



\H* 



\L 2 (Q(r)) 



v + \\H\ 



(6.14) 



ia(0(£)), 



4. So, we need to estimate ||-£^||l 2 (<2(§))- As singular integrals are 
bounded on the anisotropic Lesbegue space L S) i (see, for example, [14J) 
for the convolution h = V * G we obtain the estimate 



< 6 WW) - c ll G Hii8 6(n)- 

TT'5 



TT'5 



On the other hand, from the 3D- parabolic imbedding theorem (see 

m) 



W%\Q)^W};2(Q), as 1-0 + 



for p = q = 2 and s = j| , I = | and for If 



-V/i we obtain 



|-H"||i 2 (Q (r )) < c \\G\\ L 8( n). 

11 ' 5 



(Note that the constant c in this inequality does not depend on r). 
Taking into account (|6.9p we arrive at 



\ H \\L 2 (Q{r)) < C ||G|| Ll8 6 (Q+(|)). 

TT' 5 z 



(6.15) 



5. From the definition of G we obtain 



\G\ 



L W e(Q+(|)) 



< C 



\-r 2 /4 



6 

\ V ® H Wl w {B+(r/2)) dt 
li 
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Applying the Holder inequality and Sobolev imbedding W\ (B + (r)) 
Lq(B + (r)) for v we obtain 



\\ G h ia e(Q+(£)) ^ c 



/ q \ 

6 6 
V \\L 6 (B+(r))W H W'Lj(B+(r/2)) dt 
V-r"2/4 / 

5 



< 



< c 



/ o \ 11 

P 6 6 

/ ll V HII 2( B + (,))ll^lH 9 (B + (r/2)) ^ 
\-r 2 /4 



Interpolating Lg- norm between L\ and L@ an d using the imbedding 

4 

iy 2 1 (i? + (r)) LQ(B + (r)) again we obtain 

1 2 

ll-H"llL|(B+(r/2)) < H fl 'llL 1 (B+(r/2))ll- H 'lll 6 (B+(r/2)) - 

< W H Hi(B + (,/2)) (ll V ^ll! 2 (B + (,)) + ^ \\H\\\ 2{B+{r)) 
Hence we arrive at 

i 

ll G IUl8 6 (Q+(|)) < C ll F IH 1 , 00 (Q+(r/2)) X 



TT' 



/ o 

x / ll^llI 2(B+(r)) (l|Vi?||I 2(B+(r)) +r-|||ff||l 2(B+(r)) ) dt 

\-r 2 /4 

Applying the Holder inequality we obtain 

i 

IIGIIli. 6(q+(|)) < c ll^llli^cQ+^jll^lkw+W) x 



x (ll V ^III 2 ( Q+ M)+-" l I^III 2 ( Q+ M) 
6. Estimating oc (Q+( r /2)) using Theorem [6T2l we obtain 

\\G\\L 1S6 (Q+m < cri (l + S(r))'fe(r) + £;,(r)+r V 



TT' 5 

• HV«||L 2 (Q+(r))(l|Vff||l a(0+(r)) +r-§ ||H||| a((? .„.„ 



X 



(6.16) 
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7. Gathering estimates (|6.12p — (|6,16|) together we arrive at 

\\ H \\L 2 (Q+(9r)) < C^\\ H \\L 2 {Q+{r)) + C r§ || V«|| La (Q+( r )) X 

x (l + E{r)) 3 (F 2 (r) + £*(r) + r) 5 (|| VfT[|| a(Q+(r)) 

Dividing this inequality by (Or) 2 we arrive at 

F 2 (6r) < c6 F 2 (r)+ 

+ c(0) E(r)(l + E(r)y (> 2 (r) + (r) + r) . 

Hence we obtain 

Wr) < (e0 + c(0)£(r)(l + £;(r))^ )*i(r) + 

1 

+ c(6) E{r) (l + E(rfj 3 (E*(r) + 1) . 
Taking into account assumptions (|6.7p for e < 1 we obtain 
F 2 (0r) < ( ce + c(6)e)F 2 (r) + c(6)e(K + l), 



valid for any r G (0, 1) and any G (0, 5]. 
8. Choosing 6> G (0, |] so that 

and then choosing ei G (0, 1) so that 

1+0(9)8, < \ 

we obtain the estimate 

F 2 (6r) < 1 F 2 (r) + ce(K + l). 
Iterating this estimate we derive ([6.8p . Theorem 16.31 is proved. 
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7 Estimates of Energy Functionals 



In the previous section we denned functionals F q (r), E(r), and E*(r), 
see (|6.5p . Now we define few more functionals. Note that all these 
functionals are invariant with respect to the natural scaling of the 
MHD system. For r < 1, q 6 [1, and s G [1, |] we introduce the 
following quantities: 



/ \l/2 

A(r) = (± sup / H 2 efy , 

V te(-r 2 ,0)B+( r ) 7 

1/2 



A,(r) = (i sup / |ff| 2 dy 

V te(-r 2 ,0)B+(r) 

C q (r)^(^ f \v\" dydt) 1,q , 

Q+(r) ' 

D(r) = U J \p-\p] B+{r) \^dydt) 2/ \ 

K Q+(r) 7 

5 3/°/ \2/3 

D,(r) = 22f-!( / ( / |Vp|^2/) s 2 eft) , 

_ r 2 _B+(r) 

C(r) = C 3 (r), F(r) = F 3 (r), D*(r) = D m (r). 

35 

First we formulate the set of results following from the general theory 
of functions: 

Theorem 7.1 Assume v, H € W2>°(Q + ) and p € Wli(Q+) are ar- 

8 >2 

bitrary functions. Assume v\ X3= q = 0. TTien £/te following inequalities 
hold: 

C(r) < A?(r)E*(r), F(r) < Af (r) [Ff (r) + Ff (r)] (7.1) 

D(r) < cL>i(r), £>i(r) < aD s (r), Vs > 1. (7.2) 

Proof of Theorem I7.lt The proof follows from interpolation in- 
equalities and imbedding theorems. Proof of the similar inequalities 
for the Navier-Stokes system can be found in [5]. 

Now we formulate a theorem concerning boundary suitable weak solu- 
tions to the MHD system. 
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Theorem 7.2 Assume (v,H,p) is a boundary suitable weak solution 
to the MHD equations in Q + . Then for any r € (0, 1) and 9 G (0, ^) 
the following inequalities hold 



A{r/2)+A if {r/2) + E{r/2)+E if {r/2) < 
< c (c 2 {r)+F 2 {r) + C^{r)D 1 2{r) + C a 2{r)} + 

+ c (c^{r)A}(r)E^{r) + F^(r)A\(r)E^(r) 



D*(9r) < c03 [D*(r) + E(r)j + 
+ c(9) (A*(r)E^r) + A$(r)F*(r)E*(f t 



(7.3) 



(7.4) 



Proof of Theorem 17. 21 estimate (17. 3|) : 

1. Estimate (17. 3p follows from (|1.5p in a standard way. We just explain 
the specific estimates of the terms 

h ■= J \H\ 2 (vX7() dxdt and J 2 := /" (v ■ H)(H ■ V() dxdt. 

Q+(r) Q+(r) 

2. Ji we transform in the following way 

h = J (\H\ 2 -l\H\ 2 ] B+{r) )(vV()dxdt 

Q+(r) V ' 7 

Applying the Holder inequality we obtain 
o 

l J l| - ~ / \W H \ 2 -^ H \^B+(r)\\ L3{B+{r)) \\v\\L 3 (B+(r)) dt 
2 2 

Applying the inequality ||/- [f] B +( r ) h 3 (B+(r)) < c ll V/|| Ll (.B+(r)), we 

2~ 

arrive at 



o 



c 



III < - / ||V|iT| ||L 1 (B+( r ))||u||L 3 (B+(r)) 



< 



< 

r 



r 

— r 



c 



^llL 2 (B+(r))l|Vi^||L 2 (B+( r ))||f |U 3 (B+( r )) < 



,-2 



- ^273 ll^lli2,o (Q+(r))ll V ^llL 2 (Q+(i?))ll u llL3(Q+(r)) < cr A*(r)E*(r)C(r) 
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3. For Io we obtain relations 



h = J ((« -H)-[v H] B+{r) ) {H ■ VC) dxdt 



Q+(r) 

Hence 



u 

l^l < ~ J \\{v-H)-[v-H] B+{r) \\ L2{B+{r)) \\H\\ L2{B+{r)) dt < 
o 

< °- WHY 1 ~ ' 



(Q+W) / W V ( V ■ H )Wl 6 (B+(t)) dt < ~ ll fl 1lLa,ao«+(r)) X 



y " ■^ / 2,< — ■ v ~t. v I ■ ' ■ ■ *- o \-*-* \'JJ y 



x / (l|V«||j^(B+(r))l|-ff||Ls(B+(r)) + \N H \\l 2 (B+ (t))\\v\\l 3 (B+ (r))) dt < 



< 
r 



_ r 2 

c 



Yjz \\ H \\L2,oo(Q+(r))[\\^ v \\L2(Q+(r))\\ H \\L 3 (Q+(r)) + \\^ H \\ L 2 (Q+ (r))\\v\\L 3 (Q+ (r)) 
So, we obtain 

|I 2 | < cr A*(r) ( E(r)F(r) + E*{r)C{r 



Proof of Theorem 17. 21 estimate (17. 4|) : 

1. To obtain (|7,4p we apply the method developed in |8], [10] , see also 
[TT] . Denote n r = M 3 x (-r 2 ,0). We fix r G (0, 1] and 6 € (0, ±) and 
define a function 5 : 11+ — > R 3 by the formula 
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rot if X H — (u - V)f, in Q + (r), 

0, in n+\Q+(r) 



Then we decompose i> and p as 

u = -0 + p = p + p, 

where (v,p) is a solution of the Stokes initial boundary value problem 
in a half-space 

dtv-Av + Vp = g, + 
divv = r ' 

v\t=o = 0, wU 3 =o = 0, 
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and (v,p) is a solution of the homogeneous Stokes system in Q + (r): 

v\x 3 =o = 0. 

2. For Vj5 and Vp the following estimates hold (see [10] . see also |13|): 

1 

L 36 3 (Q+(r)) + -Utilise s(Q+W) ^ 

33'^ " 35'2 



< c ( \\H x rotF|| i36 3 (Q+ (r) ) + ||(wVH| Ls6 3 W +( P)) ), 

\ 33'2 33'2 / 

l|Vp|U 36 3 (Q+(0r)) < ( -\\Vv\\ L36 3 (Q+( r) ) + ||Vfp|U aa 3 (Q+(r))Y 

35'2 v ' 3F'2 35'2 / 

3. From the Holder inequality we obtain 

\\HxvotH\\ L (Q+{r)) < crl H^HI w+(r)) II V J H'|U 2(Q+(r)) ||# Hl 3(Q+(r)) 



33'2 

1 



( u ' V )Hli36 3 (Q+(r)) < CT4 ||( V . V)«|| Lb 3 (Q+(r)) < 



4 



Representing v = v — v, p = p — p and gathering all above estimates 
for p and v we obtain 



£>*(#r) < C 03 ( D*(r) + £(r) + As (r)£s ( r ) + A« (r)B t (r)Fs (r) ) + 

+ c(0) ( A*(r)E*(r) + A*(r)E m (r)F*(r) 
Theorem 17,21 is proved. 
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8 CKN condition and 
Partial Regularity of Solutions 



In this section we present the proofs of Theorems 12.21 and 12.31 

Theorem 8.1 Denote by S(r) the following functional 

£(r) = A(r) + A*(r) + D*(r), 

and let £\ > be the absolute constant defined in Theorem \6.3l For any 
K > there exists a constant c{K) > such that for any e € (0,£i] 
and any boundary suitable weak solution (v,H,p) of the MHD system 
in Q + if 

sup E(r)< e, sup E m (r) < K, (8.1) 

re(0,l) re(0,l) 

and 

F a (l) < M, (8.2) 

then for any < r < p < 1 

S(r) < c(j) S(p) + c(K)(l + p a M). (8.3) 
where (3 > is some absolute constant. 

Proof of Theorem I8.lt 

1. Without loss of generality we can assume K > 1. Then from (|6,8p 
we obtain 

F 2 {r) < cr a M + cK. 
From this inequality and (17. ip we obtain 

C(r) < c£"5(r)ef, F(r) < c f s (r) (k* + r§ (8.4) 

2. Assume r G (0, 1) and G (0, \). From dLSJ) with the help of ([73]) 
and the Young inequality we obtain 

£(0r) < c (F 2 {26r) +Z>*(20r)) + 
+ c(0)fc,(r) + C(r) + C5( r ) + Cs(r)Aj(r)£7)(r) + F5(r)A|(r)£;5( r )^ 
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Taking into account (|8.4|) and (|8,ip we obtain 

£(9r) < c (F 2 (29r) + D*(26r) \ + 



»- -1. -3 , . I 



+ c(0)(ei +£'2(r)e 1 2 +^4( r ) £l 4 + e^fi^ia + (if? + r 4 M< )f 2 ( r )e 1 2 

(8-5) 

Applying the Young inequality ab < eaP + C e \P we obtain 

£(0r) < -£{r) + c[F 2 {29r) + D*(2#r)) + c(0)c(if) + c(9)r a M. 



3. From (|6T8J) and (EID we obtain 

F 2 (2(9r) + D*(20r) < c0 a (F 2 (r) + ^(r) ) +cei(l + K)+ 



+c(0) (As ( r )£75 (r) + AS (r)Fe (r)E*(r, 

Taking into account (|8.4|) and the obvious inequality -F 2 (r) < 
we arrive at 

F 2 {29r) + D*{29r) < c9 a £(r) + c{K)+ 
+c(6)(£%(r)ej + £^(r)(KT2 + r ^MT2)K 



Applying the Young inequality we get 

F 2 {29r) + D*{29r) < (- + c9°^£(r) + c{9)c(K)(l + r a M) 

4. Gathering the estimates we obtain 

£(9r) <(- + c9 a ]£{r) + c{9)c{K){\ + r a M). 



A 

Fixing 9 G (0, |) so that 
Hence 

£(0r) < -£(r) + c(0)c(i<r)(l + r a M). 
Iterating this inequality we obtain (|8,3p . Theorem 18.11 is proved. 
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Theorem 8.2 Assume all conditions of Theorem \8. 1\ hold and fix po € 
(0, 1) so that 

PoM < 1. (8.6) 
Then for any < r < p < po the following estimates hold: 

A(r) + A,(r)<c^V (a(j>) + Mp)) +^D(p) + G(K,e) (8.7) 

D{r) < c(^\ D{p) + c(K)^(p) + AF(p))+G(K,e) (8.8) 

where 7 > is some absolute constant and G is a continuous function 
possessing the following property: 

for any fixed K > G(K, e) -> as e -> 0. (8.9) 



Proof of Theorem 

1. From (|7.ip taking into account (|8.6p we obtain 

C(r) <vl^(r)e2, F(r) < (r)(id + 1) (8.10) 

2. Take arbitrary r £ (0, po) and S (0, |). Denote by £(r) the 
following functional 

£*(r) = A(r)+A„(r), 
Then from fjT.3|) similar to (|8.5|) using ([8.10p we derive 

£*(0r) < F 2 (2#r) + C^(26r)D^{2er) + 
+ c(0)ffi?(r)e3 +£?(r)ef + ff (r)ld + £|( r )(ld + l) E s 



Applying the Young inequality and using ¥1.2} we obtain 
£*{0r) < I £*(r) + c(0)G(K,e) + 



Ul 



+ F 2 (2#r) + C2(26r)D^(29r) 

3. From (|6.8p we conclude 

F(20r) <c# Q £*(r) + G(K,e). (8.12) 
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4. From (|7.4|) for r < po with the help of (|8,1U|) and the Young 
inequality we obtain 

D*(29r) < ce p D*(r) + c(6)c(K)Sp (r) + c(9)G(K,e) (8.13) 
Hence from (|8,10p we obtain 

C?(26r)D*(29r) < c{9)£? (r)e* d\ (r) + 
+ c(e)c(K)ehj*(r)+c(e)G(K,£) 
Applying the Young inequality we arrive at 

C§(20r)£>i(20r) < \s*(r) + \e*D*(r) + c{9)G(K,e) (8.14) 
8 2 

5. Gathering estimates (|8,lip — (|8,14p we obtain the inequality 

£*(0r) < (^ + c# 7 ) £*(r) + ^£*D*(r)+c(9)G(K,e) 



Choosing 9 € (0, A) so that 



£*(0r) < ±£ m {r) + ±e*D t (r) + c{6)G(K,e) 



we obtain 



Iterating this inequality we obtain (J8T 
6. Choosing in fl8~l"3]) € (0, \) so that 

= - 
2 

and iteration the inequality we obtain we derive f|8 . 8[) . Theorem 18.21 is 
proved. 

Theorem 8.3 For any K > £/iere exists a constant £${K) > suc/i 
that if the condition $K 1\) holds with e < £o? then there exists E (0, 1) 
such that 

r C{p*) + F{p*)+D{p*)) < ef, 



where the constant > is defined in Theorem \2.1[ 



33 



Proof of Theorem [831 

1. From (|8,3p we obtain 

lim sup -D*(r) < c(K). 
r-*0 

2. From (|8.7p we derive 

limsup L4(r) + A*(r)) < lim sup D(p) + G(ET, e) < 
< £-ic(K) +G(K,e). 

3. From (f878|) we obtain 

limsupD*(r) < c(if) lim sup (at5 (p) + (pj) + , e) < 

11 

< c(^)(e3c(K) + G(Er,e)) 12 + G(lT,e). 

4. From (|7,ip we conclude 

limsup (C(r) + F(r)) < + ifi) limsup (,4(r) + A* (r)) < 

l 

< (e^ +Ki)^c(K) + G(K,e)y. 

5. Taking into account (I8.9P for any K > we can find £o(-?0 > 
such that for any e G (0, £o) 

ii - 
c(ir)( £ ?c(X) + G(^ e ))" + G(K,s) < ^ 

and 

i 

1 3 

(e 1 ? +K 1 2)(eh(K) + G(K,e)y < y. 
Hence for e 6 (0, £o) 

limsup (C(r) + F(r) + -D*(r)) < ef. 

Theorem 18.31 is proved. 
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Proof of Theorem [272} Assume condition (|2.6p holds and let e${K) > 
be the constant defined in Theorem 18.31 From (|2.6p . (|2.7I) we obtain 
there exists R > such that 

sup E(r) < eo and sup E*(r) < K. 

re(0,R) re(0,R) 
Denote (y R , H R ,p R ) the functions 

v R (x, t) = Rv(x + Rx, t + R 2 t), H R (x, t) = RH(x + Rx, t + R 2 t), 
p R (x, t) = R 2 p(x + Rx, t + R 2 t). 

Then functions (v R , H R ,p R ) satisfy all conditions of Theorem [873) The 
result follows from Theorem 18.31 and Theorem 12.11 

Proof of Theorem 12. 3t The result is a direct consequence of Theo- 
rem 12.21 and measure theory, see [2] , [7] , [5] , [8] . 
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